In this paper the sequential procedures for monitoring efficiency of the global minimum variance portfolio are proposed. The proposed control schemes can be applied to rather large class of portfolio asset returns distributions, namely, elliptically contoured distributions. Our approach has financial and statistical interpretation even for distributions that do not possess higher moments than second, for example, multivariate symmetric stable distributions.
Introduction
The mean-variance analysis, Markowitz (1952) , plays an important role in portfolio management. From one side, it is considered that it gives almost optimal results when portfolio assets returns distributions are approximately normal or in the case when an investor utility function looks like parabola. From the other side, the practical pitfalls of the mean-variance analysis is mainly related to the extreme weights that often arise when the sample efficient portfolio is constructed. This phenomenon was studied by Merton (1980) , who among others argues that estimates of variances and covariances of asset returns are more accurate than estimates of means. More recently Best and Grauer (1991) shows that sample efficient portfolio is extremely sensitive to changes in asset means. Chopra and Ziemba (1993) concluded for the concrete data set that the cash equivalent values are 11 times more sensitive to changes in means as to changes in variances, and 21 times more sensitive as to changes in covariances. More recently Yelejko and Bodnar (2000) showed that for controlling the whole feasible set of portfolios it is sufficient to monitor only the global minimum variance one. These results lead to the case of a fully risk averse investor, e.g., to the global minimum variance portfolio.
Detecting changes in optimal portfolio weights at an early enough stage has long interested practitioners in the financial sector. During last three decades it has been developed several statistical procedures to test the efficiency of the given portfolio. Gibbons (1982) , Kandel (1984) , Shanken (1985) and Stambaugh (1982) have discussed multivariate test procedures for the mean-variance efficiency of a portfolio in the absence of a riskless asset. Jobson and Korkie (1989) and Gibbons, Ross and Shanken (1989) derived exact F -test for testing the efficiency of a subset of assets relative to a full set of assets. Britten-Jones (1999) has derived the exact F statistics for testing the efficiency of a portfolio with respect to portfolio weights, which is based on a single linear regression. More recently Bodnar and Schmid (2003) derived the exact F test for testing the efficiency of global minimum variance portfolio, which can be applied to rather large class of initial distributions of portfolio assets returns, e.g., elliptical countered family of distributions.
Sequential procedures for monitoring and controlling financial data sets have been already discussed in financial literature. For instance, Theodossiou (1993) applied multivariate CU SU M control charts for predicting business failures. However, nobody till this time has discussed sequential procedures for monitoring portfolio weights. The aim of this study is to construct control procedures for monitoring global minimum variance portfolio that are based on the historical values of the assets returns process. The main advantage of our findings is that they can be applied under week assumptions on portfolio assets returns distribution functions, namely, elliptically contoured distributions. Furthermore, the results remain the same within the whole family of elliptically contoured matrix distributions.
The remainder of the paper is organized as follows. In the next section the properties of the global minimum variance portfolio weights estimators are given. It is proved that the transformation of the estimator follows standard multivariate t-distribution.
This permits us to construct the sequential procedures for detecting changes in the sufficiency of portfolio. In Section 3 we consider the out-of-control situation. It is shown that changes in the covariance matrix of returns lead to shifts in both mean and covariance matrix of the transformed vector. The design of multivariate control charts for monitoring the global minimum variance portfolio is discussed in details in Section 4. We use the average run length (ARL) as a measure of control charts performance. As no explicit formulas for the ARL is available we estimate this quantity within an extensive Monte Carlo study. The results are presented in Section 5. In Section 6 the proposed control procedures are applied to real data sets. The returns of three large Russian companies are analyzed. Final remarks are given in Section 7.
Distributional Properties of Global Minimum Variance Portfolio Weights Estimator
Let a portfolio consist of p assets. The vector of weights we denote by w = (w 1 , .., w p ) , where w i is the weight of i-th asset in the portfolio and w 1 = 1. We denote the location parameter of portfolio assets returns by µ and the scale matrix by D. In case when the second moment exists and the distribution of returns is elliptically contoured µ is nothing else as the mean vector and
N ]D is its covariance matrix, where R and R N are generating random variables for elliptical contoured and normal random vectors correspondingly (Fang and Zhang (1990) ).
Then the expected return of the portfolio is given by w µ and its variance is equal to w Σw. In case of a fully risk averse investor optimal weights are obtained by minimizing the portfolio variance w Σw subject to w 1 = 1 where 1 denotes the vector whose components are all equal to 1. When Σ is positive definite this leads to the weights of the global minimum variance portfolio
Because Σ is an unknown parameter the investor cannot determine w. He has to estimate Σ by previous observations. Given the sample of portfolio asset returns, namely, X 1 , .., X n , the most common estimator of Σ is its empirical counterpart
with X = (X 1 , .., X n ) andX = X1/n. Replacing Σ byΣ in w we get the estimator
Now we consider more general case. The sequential procedures for detecting changes in q linear combinations of the global minimum variance portfolio weights is presented. Hence, let consider the following 1 ≤ q ≤ p − 1 linear restrictions m i , i = 1, ..., q. based on these restrictions it is defined the matrix M = (m 1 , ..., m q ).
Also let K = (M , 1) be a matrix of linear restrictions that we impose on the weights.
Here instead of m 1 , ..., m q it is also include the additional one that the sum of the weights is equal to one. We require the matrix K be of full rank q + 1. As the result we consider the following q combinations of the global minimum variance portfolio weights
In practice Σ is an unknown parameter and investors make their decisions based on its estimator from the previous observations. Applying the most common estimator
(1) it leads tô
Bodnar and Schmid (2003) derived the exact density of the vector of linear combinations of the global minimum variance portfolio weights estimators. However, the distribution of this vector depends crucially on the covariance matrix Σ, which is unknown in practice. In Theorem 1 we obtain the distribution of alternative expression, which is independent of Σ, but nevertheless is still t-distributed. 
has a multivariate t-distribution with n − p degrees of freedom, the mean vector 0 and the scale matrix I. That is the density function of v is given by
Furthermore, when the mean of the assets returns vector is known precisely and the covariance matrix of the process is estimated bŷ
the random vector v has still standard multivariate t-distribution but with the degree of freedom equal to n − p + 1, i.e.,
Then the q-variate random vector
has a multivariate t-distribution with n − p + 1 degrees of freedom, the mean vector 0 and the scale matrix I. That is the density function of v is given by
The result of Theorem 1 provides several interesting procedures, that are easily implemented in practice. First, for the unique linear restriction m, we obtain the alternative procedure for monitoring the efficiency of the global minimum variance portfolio. It follows from Theorem 1 that the random
with n − p degrees of freedom, when the mean of the process is unknown, and univariate t-distribution with n − p + 1 degrees of freedom, when the mean of the process is known. Thus an investor can based his decision on the results of the testing procedure. Second, and the main in our purposes, it permits to apply sequential procedures for monitoring efficiency of the global minimum variance portfolio using the distributional properties of random vectors v. This is done in Section 4. The proof of the theorem is given in Appendix. Hence, one of the main advantage of our approach is that it can be applied to the large class of portfolio assets returns distributions, i.e., elliptically contoured matrix distributions. Furthermore, the tail indices of the v, v 2 distributions do not depend on the tail behavior of the assets returns. These results show that our findings are financially and statistically interpreted even for the distributions that do not possess the second and higher moments, for example, multivariate symmetric stable distributions.
Out-of-Control Situation
In order to assess the performance of control charts, that are presented in Section 4, the out-of-control situation is discussed. In this section we consider one of the possible out-of-control situation. More precisely, we assume that the portfolio assets returns are normally distributed till the moment t 0 with covariance matrix Σ, and after this point of time they still have normal distribution but with another covariance matrix, which we denote byΣ. Hence, we consider the following situation
and
, otherwise , and
In Theorem 2 the influence of the covariance structure of assets returns on the mean vector and covariance matrix of vector v is given 
1 withΣ being the estimator ofΣ (see (1) ) and w M ;q is given in (3) . Then a) The expectation ofṽ is equal to
where
b) The covariance matrix ofṽ is equal to
The similar results hold in case the process mean after the time point t 0 is known. 
2 1 withΣ 2 being the estimator ofΣ (see (8) ) and w M ;p is given in (3) . Then a) The expectation ofṽ is equal to
where A = diag(a 11 , ..., a) with a ii = B(
Hence, Theorem 3 and Theorem 4 say that when the covariance structure of the assets returns process changes it leads to changes in the mean vector and covariance matrix of random vectorsṽ,ṽ 2 . We make a use of these results in the next section, when the design of multivariate control charts for detecting changes in the global minimum variance portfolio structure is derived.
Detecting Changes in Global Minimum Variance Portfolio
In Section 3 we study the out-of-control situation. We prove that changes in the covariance structure of assets returns lead to changes in both mean and covariance matrix of vector v. Let
The following theorem generalizes the results of Theorem 1 and Theorem 2 to the more general case. Then the q-variate random vector
is independent of (M,τ ) and follows a multivariate t-distribution with n − p degrees of freedom and the mean vector 0 and the scale matrix I. That is the density function ofv is given in (6) .
b) Assume that any matrixM and any vectorτ are distributed independently ofΣ 2 .
is independent of (M,τ ) and follows a multivariate t-distribution with n − p + 1 degrees of freedom and the mean vector 0 and the scale matrix I. That is the density function ofv 2 is given in (9 We make of use the results of Theorem 5 for determining control limits of the statistics, that are discussed in details in the next sections. Results of the empirical study are based also on this theorem.
Multivariate Control Charts
In this section we introduce multivariate control charts for detecting changes in the structure of the global minimum variance portfolio, i.e., changes in the mean and covariance matrix of the vector v simultaneously. Let X t denote the p -dimensional vector of portfolio asset returns at time t. We assume that X t is independently normally distributed with mean vector µ and covariance matrix Σ. For a given sample X 1 , ..., X n we constrain m subsamples of sizeñ, e.i. {X 
where t = 1, ..., m and the estimationsΣ it ,ŵ it;M ;q are based on the elements of the i t -th sample.
From Corollary 1 it follows that v i t are independently identically t-distributed
withñ − p degrees of freedom, covariance matrix I and with the mean vector 0 in the in-control state. We consider the q + q(q + 1)/2 dimensional vector
which is used to construct control schemes for detection changes in the mean vector and covariance matrix simultaneously. In the in-control state the expected value of the vector η is
where all elements of µ η at positions q + 1, 2q + 1, 3q, 4q − 2, 5q − 3, ..., q + q(q + 1)2 are equal to 1/(n − p − 1) and the others are zero. Furthermore, let denote Θ =
(1, q + 1, 2q, 3q − 2, 4q − 3, ..., q(q + 1)2). Then it follows that the covariance matrix of the vector η in the in-control state is
with B(., .) being the Beta function and
The elements are equal to a = 3/((n − p − 1)(n − p − 3)) at positions (j, j), where
at positions (j 1 , j 2 ), where
\Θ, and the others are zero (Fang and Zhang, Lemma 5.6.3, 1990 ).
Then to test if the global minimum variance portfolio weights, which we denote by w 0 and are calculated by previous observations, correspond to an efficient portfolio, means to check if the mean of the vector η it , whose estimator is given in (5), departs significantly from µ η . Hence, at time t the testing problem is
Thus, the process of portfolio weights and correspondingly the portfolio is an efficient one, up to time t, if H 0 is valid for all i ∈ 1, ..., t. In other case the portfolio is not longer an efficient one, starting at the time, when the first shift have occurred.
This mean that an investor has to adjust his portfolio.
T 2 control chart
The multivariate Shewhart control chart, also known as T 1996) . In case when µ η is known, its control statistics is given by
The null hypothesis should be rejected at time t if T
Multivariate CU SU M Control Charts
The most frequent application of CU SU M schemes is the case when a detection of small changes in a process parameter is important. It is helpful to view CU SU M schemes as a sequence of sequential probability ratio tests. There were two main difficulties in deriving CU SU M scheme from the theory of sequential test. First, the theory requires two simple hypothesis to be tested. But from the other side the application of the quality control schemes requires testing the simple hypothesis either the mean of the process does not change or shifts from its target value. Second, the logarithm of the probability ratio is too complex to obtain a practical scheme. Both of these problems had an influence on the development of multivariate CU SU M 
where S 0 = 0. The scheme gives out-of-control signals as soon as the length of the
2 exceeds preselected value h 2 , which is determined with the condition that the in-control ARL is equal to a fixed value ξ. In practice the last equation has to be solved by simulations.
A practical advantage of the shrinking method is that it appears that the components of S t give an indication in which direction the mean has shifted, provided that it is not a falls alarm.
Multivariate CU SU M 1
The multivariate CU SU M chart proposed by Pignatiello and Runger (1990) is similar to the vector-valued CU SU M proposed by Crosier (1988) , yet distinctly different. The CUSUM1 control chart was constructed by defining M C1 as
with n t being the number of observations since the most recent reconstruction of the CUSUM chart, formally defined
and the multivariate cumulative sum
with the norm
When M C1 t exceeds upper control limit then the process is considered to be off-target. For the interpretation of the out-of-control signal one can consider the components of St nt + µ η which indicate the direction of the mean shift provided that it is not a falls alarm. The control chart gives an alarm as soon as
where h 3 is a positive constant. As above it is chosen such that the in-control ARL is equal to a fixed value ξ. Because of no explicit formula is available to determine the control limit h 3 we calculate with an extensive Monte Carlo study.
Projected Pursuit P P CU SU M
A natural multivariate extension of the CUSUM chart, namely PPCUSUM, via projection pursuit is proposed by Ngai and Zhang (2001) . For the direction a with a = 1, we define the CUSUM statistics by
From Healy (1987) , Pollak (1985) and Moustakides (1986) follows that exists a direction such that the CUSUM chart for the projections of {η i t − µ η } along this direction has the optimal ARL performance. The problem is that the direction is unknown and that's why we can not apply the statistic directly. Ngai 
It was proved that max a =1 C a t = P P CU SU M t with (19) where the definition of the norm is given by (18) and
This implies that when an out-of-control signal appears in the PPCUSUM at the t 0 -th time period, then will exist t 1 such that
where h 4 is a preselected value, which is determined with an intensive Monte Carlo study. Then the direction of shift is estimated bŷ
Multivariate EW M A Control Chart
The EWMA control chart, first introduced by Roberts (1959) , was adapted to multidimensional observations by Lowry, Woodall, Champ, and Rigdon (1992). In an ARL comparison the authors showed that the properties of the multivariate EWMA chart are similar to or even better than those of the multivariate CUSUM charts of Crosier (1988) and Pignatiello and Runger (1990) . Additionally, the design of the multivariate EWMA chart is much simpler than the multivariate CUSUM charts. Prabhu and Runger (1997) give recommendations on the choice of the EWMA parameter for the multivariate EWMA chart.
As an univariate case we define vectors of EWMA as
where R = diag(r 1 , r 2 , . .., r q+
= r, then MEWMA vector can be written as
Furthermore, it follows that
In the following it is always assumed that the process Z t starts in the target value µ η , i.e., Z 0 = µ η .
The MEWMA chart gives alarm if
where Σ Zt is the covariance matrix of Z t , which can be calculated as
Var(R(I − R)
= r, we obtain
h 5 is determined such that the in-control ARL is equal to a fixed quantity ξ. In practice this has to be done by simulations.
One can also monitor the efficiency of the global minimum variance portfolio based on the asymptotic M EW M A control chart, namely, M EW M Aas. In this case the Mahalanobis distance in the equation (20) is taken due to asymptotic covariance matrix
instead of the exact one, i.e., Σ Z t .
Simultaneous Control Charts
In this section we use the same notation as ones in the Section 4.1. However, instead of calculating the vector v it for the whole vector of portfolio weightsŵ it we calculate the sequence of {v
it correspondingly. Then the two dimensional control procedures for detecting shifts in the mean and variance of v (j) i t are constructed simultaneously. Hence we consider the sequence of
The in-control mean for η
and the covariance matrix of the vector η
Finally, the testing problem is given by
Simultaneous T 2 control chart
When this control procedure is applied the null hypothesis is rejected as soon as
where h 6 determined from the condition that the in-control ARL is equal to a preselected value ξ.
Simultaneous Vector Valued M CU SU M
To determine the control chart we construct for each j = 1, p the following vector
.., p, and C (j) t be the length of S (j)
is the reference value. The scheme signals an out-of-control situation as soon as
Simultaneous CU SU M 1
The simultaneous CU SU M 1 chart is constructed by defining M C1
Then the statements
means that we are in the out-of-control situation.
Simultaneous Projected Pursuit P P CU SU M
The simultaneous P P CU SU M gives an out-of-control signals as soon as
where the statistics P P CU SU M
Simultaneous M EW M A Control Chart
As previous, the simultaneous M EW M A control statistics is given by
it as in Section 4.1.6.
The aim of this section is to provide the extensive Monte Carlo study in order to assess the performance of the proposed control schemes. We determine the out-of-control ARL of the control charts proposed in Section 4 for tree-dimensional Gaussian process. We consider the performance of proposed sequential procedures. In all cases the in-control ARL is adjusted to be approximately 60. Throughout the simulations study, 10 5 realizations of the process are used to determine the control limits of the charts. We use 10 6 independent realizations to obtain the performance of control schemes. The proposed control chart do not possess the invariance properties.
Therefore, for the out-of-control state, the shifts in absolute values are considered. One should choose this value of k in order to detect the specific shifts.
Modelling Out-of-Control Situation
Without loss of generality in this section the in-control process is taken a zero mean Gaussian process {X t } with the covariance matrix Σ that is given in the equation (23) (see Section 6) . Furthermore, we assume that {X t } are independently distributed.
This choice of the process is not a restrictive one as the proposed statistics v has the same distribution independently of the constant matrix M and of the constant vector τ in the in-control state. As a result the calculated control limits can be used for the all non-singular matrix. Hence, from the result of Theorem 5 it follows that In order to obtain the performance of the proposed sequential procedures one should determine the out-of-control situation. In our simulation study the changes are generated by the following model
It is not necessary to perturb all the three diagonal elements of the matrix ∆ as our statistics takes the same values for covariance matrices that are proportional (the ratio of non-zero elements is the same). Finally, the corresponding changes in the global minimum variance portfolio weights are presented in Table 1 .
Simulation Results for the Multivariate Control Charts
In this section the results of the Monte Carlo study are presented for the multivariate
control charts. In Table   2 the control limits of the multivariate control charts are given for different values In Table 4 
Simulation Results for the Simultaneous Sequential Procedures
In this section we present Monte Carlo study results of alternative to multivariate sequential procedures, namely simultaneous control charts, for detecting shifts in the global minimum variance portfolio weights. Again Table 2 the critical value and the in-control distribution of these statistics do not depend on Σ.
In Table 5 shows the best performance in 12 cases. Furthermore, the simultaneous simMC1 control chart has the smallest out-of-control ARL for positive shifts in the diagonal elements of the matrix ∆.
Empirical Illustration
In this section we consider the intraday returns (hour) of the three large companies of the Russian stock market, namely, EESR, LKOH, and SNGS. By P it we denote the stock index price of the i-th stock market, where i = 1 corresponds to EESR, i = 2 to LKOH, and i = 3 to SNGS. For each stock market the continuous returns,
i.e. R it = 100 log(P it /P it−1 ), are calculated.
We partition the data set into two blocks. The data from the first block, namely, 
